Abstract. The Eisenstein polynomial is the weighted sum of all classes of Type II codes of fixed length. In this note, we investigate the ring of the Eisenstein polynomials in genus 2.
1. Introduction. The Eisenstein series play an important role in the theory of modular forms. Here we would like to mention two points. One is that the Eisenstein series is, possibly up to a constant factor, the weighted sum of the theta series of all classes of even unimodular lattices of fixed length( [20] . cf. [21] , [19] ). Another is that the ring of modular forms of even weights for the full modular group in genus g is the normalization of the graded ring generated over the field C of complex numbers by the Eisenstein series. This might suggest that the ring of Eisenstein series is close to the ring of modular forms. In the two spacial cases g = 1, 2, we know that the ring of modular forms of even weights coincide with the ring of Eisenstein series, however, this is no longer true for g > 2. See [7] , [8] .
The 
in which the summation is extended over the set of all admissible monomials A of degree n. The above definition of the Eisenstein polynomials is formal but the meaning of them is not clear. In order to obtain a better understanding, we interpret the Eisenstein polynomial from coding theory as stated in the introduction.
A linear code C of length n is a subspace of F Up to this equivalence, classifications of Type II codes are completed for n = 8, 16, 24, 32( [13] , [14] , [3] . cf. [4] ). The class invariant polynomial is given by
which is called the weight enumerator of the code C in genus g. The set of coordinate permutations that map a code C to itself forms a group, called the automorphism group of C. We shall denote this group by Aut(C). Let M n denote the set of all Type II codes of length n. Then we have
in which the summation of the second line is extended over the set of all classes [C] of Type II codes of length n. Hence the polynomial E g,n (x a : a ∈ F g 2 ) is called 'Eisenstein polynomial'. We refer to [20] for the original case of this identity (cf. [21] , [19] ). By [10] , the cardinality of M n is known to be n/2−2 j=0 (2 j + 1). Multiplying n!/|M n |, we get the normalized Eisenstein
We refer to [9] , [15] , [6] for the general theory of codes, to [1] , [17] , [18] for the Eisenstein polynomials. See also [11] in which the Eisenstein polynomial plays an important role.
Ring of Eisenstein polynomials.
Before restricting ourselves to the case g = 2, we observe that the ring of Eisenstein polynomials coincides with the ring of weight enumerators of Type II code if and only if g = 1.
In fact, as we shall see later, this is so for g = 2. In the case g ≥ 3, the dimension of the vector space of weight enumerators for length 24 is at least 5 by [16] (see also [17] , [11] ), whereas the corresponding dimension of the Eisenstein polynomials is at most 3. Therefore two rings in question do not coincide.
In the rest of this note, we assume that g = 2 (and may omit g = 2 for simplicity). We refer to [5] , [17] , [12] for the invariant theory of this section.
We shall denote by E, W the ring generated over C by the Eisenstein polynomials, the ring generated over C by the weight enumerators of Type II codes, respectively. The ring E is a subring of W. We shall denote by E w , W w the homogeneous part of degree w of E, W, respectively. The ring W can be generated by five elements of degrees 8, 24, 24, 32, 40 and has the dimension formula For w = 176, 184, . . ., we can foresee that E w = W w . Actually this is the case. The proof is as follows.
We denote by E a subring of E generated by the above ten Eisenstein polynomials. We observe that the ring W can be generated by the elements
in which g 24 denotes the extended Golay code of length 24. Because of
g24 ∈ E, we know that W is an E-module generated by 1,
We shall show that every element of E + EW g24 + EW 2 g24 + EW 3 g24 for degree at least 88 is an element of E. As before, we shall denote by E w the homogeneous part of degree w of E. Note that we have already that E w = E w = W w for w = 88, 96, . . . , 168. 
holds, then ϕ is a product of an element of E with one of 
The case c = 1. One of a, b is not zero. 
